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Abstract
A new category of 5-axis flank computer numerically controlled (CNC) machining, called double-flank, is presented. Instead of
using a predefined set of milling tools, we use the shape of the milling tool as a free parameter in our optimization-based approach
and, for a given input free-form (NURBS) surface, compute a custom-shaped tool that admits highly-accurate machining. Aimed
at curved narrow regions where the tool may have double tangential contact with the reference surface, like spiral bevel gears, the
initial trajectory of the milling tool is estimated by fitting a ruled surface to the self-bisector of the reference surface. The shape of
the tool and its motion then both undergo global optimization that seeks high approximation quality between the input free-form
surface and its envelope approximation, fairness of the motion and the tool, and prevents overcutting. That is, our double-flank
machining is meant for the semi-finishing stage and therefore the envelope of the motion is, by construction, penetration-free with
the references surface. Our algorithm is validated by a commercial path-finding software and the prototype of the tool for a specific
gear model is 3D printed.
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1. Introduction & Motivation
Manufacturing of free-form surfaces is a substantial part in
automobile and aircraft industries. Components like turbine
blades, rotors, or gears are smooth, yet curvature-varying ob-
jects and their efficient manufacturing introduces several chal-
lenging problems in geometric modeling and computing be-
cause the very complex shape of these objects prevents them
to be manufactured using simple straight cutting tools [1].
Computer numerically controlled (CNC) machining is the
leading subtractive manufacturing technology, where the milling
tool is navigated to move along a material block, removing the
superfluous material, and forming the designed shape. In spite
of blossoming technologies like 3D printing [2, 3], 5-axis CNC
milling remains very important, especially for workpieces like
turbine blisks or compressors [4] because these objects require
high stiffness, and therefore manufacturing from a single mate-
rial block is preferable when compared to the additive counter-
part.
∗Corresponding author
Email addresses: pbbo@hit.edu.cn (Pengbo Bo),
haizea.gonzalez@ehu.eus (Haizea González),
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Figure 1: Tools’ heads with various geometries. Figure courtesy of Sandvik
Coromant.
CNC machining can be categorized depending (i) on the
number of degrees freedom of the machine (e.g., 3-axis, 5-
axis), (ii) the type of the milling tool (flat-end, ball-end, bull
nose, chamfering, general shape), see Fig. 1, or (iii) the type of
contact between the tool and the material block (single point,
multi-point, flank aka side or peripheral). Our study focuses on
flank 5-axis machining with generally curved, custom-shaped
milling tools.
Flank milling is typically the very finishing stage of the
manufacturing process and high precision is indispensable. While
for single-contact-point approaches the milling tool approxi-
mates the reference surface accurately only in the very neigh-
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borhood of the contact point, flank methodology aims at tan-
gential contact between the tool and the surface. In such a case,
the contact is theoretically attained along a 3D curve known
as a grazing curve (or characteristic). This fact makes flank
milling the dominant finishing technology because the milling
tool matches the design shape at (theoretically infinitely) many
points.
While traditionally the set of tools is given as an input, our
approach looks not only for the optimal motion of the tool in
3D space, but also for the shape of the tool itself. We follow the
approach introduced in [5] and look for a custom-shaped tool
that, with its 3D motion, admits highly-accurate manufacturing.
2. Previous work and contributions
Tool path finding problem for 5-axis flank CNC machining
with cylindrical milling tools can be alternatively formulated as
approximating the offset surface of the input surface (offset by
the cylinder’s radius) by a set of ruled surfaces. Therefore a lot
of literature is devoted to this equivalent formulation, see e.g.
[6, 7, 8]. In general, representing a general free-form surface by
a motion of a simple object as a cylinder or cone is theoretically
not possible, unless the surface is an exact envelope. A decent
simplification of the problem can be made by considering only
ruled surfaces [9, 10, 11, 12, 13, 14, 15, 16] and using the ar-
gument that a free-form surface can be approximated by ruled
surfaces arbitrarily well [6, 17]. However, this approximation
of a general, doubly-curved surface by ruled surfaces within
fine tolerances typically requires excessive number of patches
[17].
It is therefore preferable to approximate a curved surface
by an envelope of the milling tool directly, without inserting
the simplifying step of approximating the surface by a ruled
surface, followed by approximating the ruled surface by an en-
velope of a cone/cylinder [18]. One can describe an envelope
of the milling tool using algebraic constraints and use an effi-
cient subdivision solver [19]. Such an approach is computation-
ally demanding, however, a full machining coverage as well as
topological correctness is guaranteed by the solver.
Another important issue is the accessibility of the surface
by a machining tool. A conservative estimate is proposed in
the context of 5-axis ball-end milling [20]. The admissible di-
rections of the tool are encoded using normal bounding cones
which enables to quickly find whole volumes in the configura-
tion space that correspond to possible tool paths. As a result,
there is no need to compute accessibility for individual cutter
contact points which brings significant computational savings.
In our previous research, we investigated the machinability
of free-form surfaces using conical tools [21]. Using the initial-
ization strategy for flank milling with conical tools introduced
in [18], one quickly finds initial motions (ruled surfaces) of the
milling axis and reveals the parts of free-form surfaces that can
be efficiently approximated by conical envelopes within very
fine machining tolerances. Consequently, high accuracy leads
to a reduced machining time as only few sweeps are needed to




Figure 2: General meridian. A general surface of revolution is considered as a
one-parameter family of spheres; a situation in an axial plane (2D view). The
spheres are centered along the axis l = pq and the meridian (green) touches
one-parameter family of circles. The surface of revolution Ψ arises by rotating
m around l. The sphere centered at the midpoint of l (black) touches Ψ along a
circle that projects as a straight line (red).
Another research category closely related to our research
deals with barrel tools [1, 22, 23]. Barrel tools are shown to
fit well free-form surfaces, especially in concave regions where
the principal curvatures of the tool match their counterparts of
the surface. However, in contrast to our work, the shape of the
tool is given as the input while our approach seeks not only the
3D motion but the shape of the tool as well.
Another relevant class of research deals with inspection stage
of an already-machined free-form surface. Typically mechan-
ical and optical inspection machines are used; our research is
related to 5-axis, contact based (mechanical) inspection path
planning. Various path planning algorithms exist, we refer the
reader to [24] and the references cited therein.
Optimizing simultaneously both the tool trajectory and its
size and/or shape is a very active research area [25, 26, 27, 28,
29, 30] and our research belongs to this category of algorithms.
To the best of our knowledge, all previous research requires
the initial milling trajectory as a part of the input or is indi-
cated by the user. Our recent research focuses on automatic
path initiliazation for 5-axis flank milling [18, 31]. For a spe-
cific shape of the milling tool (conical or curved), an automatic
initialization of the tool’s motion can be achieved by integrat-
ing the admissible multi-valued vector field that corresponds to
directions in which the point-surface distance changes accord-
ing to the prescribed shape of the milling tool (prescribed by a
meridian curve) [31]. As in this work the tool path is very much
constrained by the reference geometry, we look for initial path
that closely approximate the surface self-bisector. To this end,
the most convenient approach is to consider a general surface of
revolution as a one-parameter family of spheres [32], see Fig.2.
In this paper, we introduce a new category of 5-axis CNC-
machining, namely double-flank milling using custom-shaped
milling tools. This methodology can be seen as an alternative to
face hobbing where two sets of blades are needed to carve the
space between two teeth of a bevel gear. In contrast, double-
flank machining is aimed for machining of curved narrow val-
leys, like e.g. gears with curved teeth, using a single custom-
shaped tool. Such a machining strategy is more efficient than
traditional (one-sided) flank milling as it removes material on
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two sides of the reference geometry by a single sweep of the
tool. This methodology is aimed for semi-finishing stage, where
high accuracy and, at the same time, high material removal rates
are required. In our optimization-based approach, we design a
custom-shaped tool and its motion such that it maximizes mate-
rial removal, yet is by construction penetration-free (i.e., avoids
overcutting).
The rest of the paper is organized as follows. Section 3 gives
a mathematical description of rigid body kinematics of surfaces
of revolution and Section 4 presents the algorithm that com-
putes the envelopes of these surfaces to approximate the input
free-form geometry. Section 5 shows our computer simulations,
followed by validations using a commercial path-finding state-
of-the-art software Siemens NX, and 3D printed prototype of
a custom-shaped milling tool. Finally, Section 6 discusses the
future research directions and concludes the paper.
3. Basics of kinematic geometry
We first recall several facts from kinematic and differential
geometry, namely surfaces of revolution, the first order analysis
of rigid body motions, and envelopes of surfaces of revolution.
3.1. Surfaces of revolution
Let l := pq be a finite 3D line and let m be a planar curve
that lies in a plane containing l. Rotating m around l gives rise
to a surface of revolution Ψ. Line l is known as the axis of Ψ
and m as its half-meridian, see Fig. 2. An alternative point of
view is to consider a one-parameter family of spheres centered
along l. Then Ψ is the envelope of the family of spheres and, if
the sphere radius r(s) is “well-behaved” (see Remark 1), each
sphere touches Ψ along a circle that lies in a plane perpendicu-
lar to l.
Remark 1. From practical point of view, one needs to exclude
pathological cases, e.g. when the one parameter family of spheres
is locally contained by another sphere. By “well-behaved” we
understand that the sphere radius r is is not expanding/shrinking
too quickly when considered as a function of the arc length s of
the axis, i.e., |(r′(s)|< 1.
3.2. Kinematics of a rigid body
To control the motion of the milling tool Ψ, it is sufficient
to control the motion of its rigid axis pq. Let us consider pq
as a function of time and let us denote p(t) and q(t) the tra-
jectories of the endpoints, t ∈ [0,1]. Since l remains rigid dur-
ing the motion, the distance-preserving constraint of its length
L = ‖p(t)−q(t)‖ reads as
‖p−q‖2 = 〈p−q,p−q〉= const., (1)
where 〈·, ·〉 is the scalar product. Differentiating with respect to
t and denoting the velocity vectors by vp = ṗ(t),vq = q̇(t), the






Figure 3: A generally-curved surface of revolution Ψ is considered as an enve-
lope of a one-parameter family of spheres (transparent) centered on the axis pq.
An instantaneous motion of the rigid axis is determined by two velocity vectors
(yellow) that satisfy Eq. (2), i.e., their projections onto pq are equally oriented





Figure 4: Given a free-form surface Φ, the goal of (one-sided) flank CNC ma-
chining aims to find a generally curved surface of revolution Ψ and its motion
such that the envelope approximates Φ within a machining tolerance. The mo-
tion of the axis of the tool is visualized as a ruled surface, R, (yellow).
which is known as a projection rule, see Fig 3.
The instantaneous motion of l can be conveniently con-
trolled by a pair of vectors vp, vq that satisfy Eq. (2), see Fig. 3.
The vector field that acts on the points of l is linear in vp and vq
which follows from the fact that the instantaneous motion (aka
screw) can be expressed as
vz = c+ c× z, (3)
where z is a point in 3D, vz its velocity vector, and c,c ∈ R3,
are constant vectors that define the instantaneous motion (the
screw axis and the pitch), see e.g. [33] for more details.
3.3. Envelopes of surfaces of revolution
Consider now a motion of Ψ in 3D space, that is, Ψ is a
function of time t, and without loss of generality assume that
t ∈ [0,1]. The motion of Ψ is governed by the axis l and its
trajectory generates a ruled surface R, see Fig. 4. A surface that
touches the one-parameter family of Ψs is known as the enve-
lope, Ω, which typically consists of two parts, the upper and
lower patch. Given a free-form surface Φ, our goal is to ap-
proximate it by the envelope within fine machining tolerances.
Remark 2. The envelope Ω need not to consist of two branches.
As an counter-example consider a translation of Ψ in the direc-









Figure 5: Construction of the characteristic. Let z be a given point, z ∈ pq, vz
be its instantaneous velocity vector, and Cz be a great circle centered at z which
plane is perpendicular to vz. The sphere (transparent) centered at z touches the
surface of revolution Ψ along a circle CΨ. Then the points of the characteristic
are (in general) two intersection points (blue) ch± =CΨ ∩Cz.
degenerated motions in our considerations as we are interested
in flank-milling applications and we seek motions similar to the
one shown in Fig. 4.
To compute points of the envelope, one can consider the
motion of Ψ as a two-parameter family of spheres, one param-
eter controls the position of the sphere in the axial direction
(s), and the second parameter corresponds to time (t). Let
z = R(t,s) be a point on the ruled surface and let S(s, t) be
the corresponding sphere (the sphere radius is constant in t but
varies in s).
Let CΨ be a contact circle between the sphere S(s, t) and
Ψ(t) and let Cz be a great circle centered at z perpendicular
to the velocity vector vz, see Fig. 5. Then the points of the
characteristic (and for variable t points of the envelope) are the
intersection points of CΨ and Cz.
3.4. Tangential contact between two surfaces
Let Φ be the input (design) surface and Ψ be the (yet un-
known) surface of revolution. For flank milling, Ψ and Φ need
to have a tangential contact throughout the whole motion. Let
pi be a sample point on Ψ’s axis and let p⊥i be its closest point
(footpoint) on Φ, see Fig. 6. Representing Ψ as a one-parameter
family of spheres, this tangential contact means that every sphere
touches Φ, i.e., the surface normal of Φ at p⊥i coincides with
pip⊥i . Given the axis l, the locus of footpoints p⊥i defines a char-
acteristic (and consequently one-parameter family of spheres).
However, such an arrangement need not be tangentially mov-













= xAxT → min, (4)
with the constraint







Figure 6: Tangential movability. For flank milling, the milling tool has to move
tangentially along Φ. The tool is conceptualized as a one-parameter family of
spheres centered along pq (sphere centered at q shown in transparent) and an
instantaneous motion (green) should move the spheres tangentially along Φ.
This objective is interpreted as the orthogonality between the velocity vector vi
at pi, pi ∈ pq, and the line pip⊥i , p⊥i being the footpoint of pi. The orthogonality
is achieved in the least square sense and the “as orthogonal as possible” vector
field is computed from Eq. (4).
where x is the unknown instantaneous motion of l, n is the num-
ber of sampled points pi on l, p⊥i are their orthogonal projec-
tions onto Φ, vi are the velocity vectors associated to pi, and vm
is the velocity at the midpoint m of l, see Fig. 6.
(a) (b)
Φ
Figure 7: Test geometry. (a) A gear with curved teeth. (b) One “valley” between





Figure 8: “Double-flank” milling. (a) We aim at designing a tool (transparent)
and its motion such that the two branches of the characteristic (red) approximate
well the sides of the valley, surfaces Φ1 and Φ2. (b) The motion of the tool
should remove as much material as possible (green volume), yet be penetration-











Figure 9: Algorithm pipeline. (a) The reference surface valley Φ determines its self-bisector B (blue), that is approximated by the best ruled surface fit Rini (b).
(c) The initial ruled surface (trajectory of the tool) and the shape of the tool both undergo optimization that maximizes material removal induced by the swept
volume of the tool (green). The optimized custom-shaped tool (framed) is color-coded by the Gaussian curvature ranging between Kmin = −0.0055 (blue) and
Kmax = 0.0824 (red, the tool-tip). (d) The two envelopes, color-coded by the distance error from Φ, are as close as possible to Φ and, by construction, guaranteed to








Figure 10: Ruled surface R(t,s) is realized as a tensor product B-spline patch,
linear in the s-direction (rulings) and cubical in the t-direction (time). Here
only one polynomial segment in Bézier representation is shown. Two boundary
curves p(t) and q(t) (green) are determined by their control points (blue), which
are the unknowns in our optimization setup.
The number of degrees of freedom to move a line in 3D is
five, therefore x ∈ R5. Note that if Φ is an exact envelope, the
solution x∗ of (4) vanishes, i.e., F(x∗) = 0. Since F is quadratic
in x, the unique minimizer of (4) is (in the least square sense)
the best motion that moves the line (and consequently the asso-
ciated one parameter family of spheres) as tangentially as pos-
sible along Φ.
4. Fitting free-form surfaces by envelopes of surfaces of rev-
olution with general meridians
We aim to approximate the input free-form surface Φ by a
motion of a custom-shaped milling tool Ψ. In particular, in our
machining application we are interested in geometries where
one can speak about “valleys” as is the case of the space be-
tween two teeth of a spiral bevel gear, see Fig. 7. Our objective
is to define a shape of the tool for the semi-finishing part of
machining such that the material removal will be as efficient as
possible, yet will be penetration-free. We aim to remove mate-
rial on both sides of the valley, therefore we call this method-
ology as double-flank milling, see Fig. 8. We now describe the
particular parts of our method in more detail, Fig. 9 shows the
graphic overview of our algorithm.
4.1. Computation of a self-bisector
To initialize the motion of the milling tool, we first compute
the self-bisector of Φ [34]. As the tool can be conceptualized
as a one parameter family of spheres that should ideally touch
Φ on two sides, the self-bisector B is a locus of all such centers
of spheres.
We first pre-process the geometry by splitting the input val-
ley Φ into the right and left side (defined by trimming off the
bottom part of the valley), yielding two surfaces Φ1 and Φ2,
see Fig. 81. To compute B, we use a variant of the march-
ing cubes algorithm as follows. We define a trivariate function
F(z), z ∈ R3 as
F(z) = dist(z,Φ1)−dist(z,Φ2), (6)
where z ∈ R3 is the desired center of the sphere and dist is the
point-surface minimal distance. We seek the iso-surface F(z) =
0 that defines our bisector B. This procedure returns a dense set
of 3D point that lie on the bisector surface. B-spline fitting is
sequentially used to get a smooth bisector, see Fig. 9(a).
4.2. Initial ruled surface
For a general valley, however, the bisector B is not a ruled
surface. To initialize the motion of the tool axis, we need to find
a good approximation of B by a ruled surface Rini, see Fig. 9(b).
We define a ruled surface as
R(t,s) = (1− s)p(t)+ sq(t), [t,s] ∈ [0,1]× [0,1], (7)
where p(t) and q(t) are the two boundary (aka rail) 3D curves.
In our implementation, a ruled surface is realized as a B-spline
1Observe that the geometry of the very bottom part of Φ (the bottom of the
valley) prevents to use flank milling methodology. In real milling, this part is
typically milled by 5-axis ball-end approach.
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patch of bi-degree (1,3), that is linear along the rulings (s-
direction) and cubical in the t-direction, see Fig. 10.
To compute the initial approximation of B, we follow the
approach of [6] and use the discrete rulings as uniform samples
in the t-direction. Our (finite) ruled surface corresponds to a
motion of the tool axis and therefore the Euclidean distance of
the finite ruling is preserved, i.e., ‖p(t)q(t)‖= L, ∀t ∈ [0,1].
(a) (b)
Figure 11: Controlled overcutting. (a) Penetration-free tool and its envelope.
(b) Increasing the penetration-free estimate (8) by 2% results in more exact
envelope, however, the overcutting occurs in the neighborhood of the tool at
one end (red).
4.3. Tool and motion optimization
Once an initial ruled surface Rini is computed, we have, for
each value of s, s ∈ [0,1], a set of scalar values that correspond
to the distance dist(R(t,s),Φ) and averaging these values for
various t gives the initial radial function d?(s). The envelope of
this one-parameter family of spheres defines the initial tool Ψini,
see Fig. 2, however, the motion of Ψini in general penetrates Φ.
The ruled surface R is uniformly sampled both in t and
s parametric directions to obtain ri j := R(ti,s j), i = 1, . . . ,m,
j = 1, . . . ,n. Our aim is to define a tool and its motion that
removes as much material as possible, yet at the same time is
penetration-free with Φ.
In our discrete approach, for each s-parameter value (fixed
j), we obtain a set of discrete values di j which are the distances
from Φ as the fixed point of the axis moves in time. In order to
obtain a motion of Ψ that is penetration-free, we define
d j = mini=1,...,m
di j, (8)
d j being the penetration-free radii.
2 These radii are the lower
bounds of the point-surface distance for each j, i.e., distances
2The penetration-free radius depends on the sampling density. In our exper-
iments m = 100 turned out to be sufficiently large to return stable values for the
valley shown in Fig. 7.
that define (discrete) radial function that corresponds to a penetration-
free tool, see Fig. 11. We further define the penetration-free
error as
ε j = d?j −d j (9)
where d?j are the samples of the initial radial function d
?. We
denote by d a vector of unknown distances d := (d1, . . . ,dn) and
optimize both, the ruled surface R and d.
Remark 3. While our goal is to remove as much material as
possible, our primary objective is to prevent overcutting and
therefore we look for a tool and its motion that is penetration-
free. The definition of the penetration-free radii (8) is conser-
vative and therefore there is a small gap between the tool and
the design surface. Increasing the penetration-free conservative
bound (8) by only 2% increases the tool size (and consequently
the material removal), however, it causes the tool to penetrate
the surface, see Fig. 11 and 12. Therefore we consider our con-
servative bound (8) a very good approximation of the optimal
radial function.
At every time instant t, the tool is required to be as close as
possible to Φ, yet penetration-free. The approximation objec-










(dist(ri j,Φ)−d j− ε j)2→ min
(10)
subject to the rigidity constraints
Frigid(p,q) = 〈p(ti)−q(ti),p(ti)−q(ti)〉−L2 = 0, (11)
where dist(,) is a point-surface distance and L is the length of l.
The unknowns in the minimization are the control points of the
two B-spline curves p(t) and q(t), and the vector of sphere radii
d, see Fig. 10. If not stated differently, m = 100 and n = 30 are
used in our computations.
Further denote by r⊥i j the footpoints of ri j on Φ, and ni j the
unit normals at r⊥i j oriented towards ri j. We define the point-
















(〈ri j− (r⊥i j + ε jni j),ni j〉−d j)2,
(12)
which correspond to a point-point and point-plane distance con-
straints, respectively. Note that the discrete samples d j, j =
1, . . . ,n of the radial distance function are the unknowns, while
the penetration-free errors ε j, j = 1, . . . ,n are constant. Formu-
lation of (12) expresses our wish that the radial distance func-
tion attains maximal values which are still under the penetration
error expressed by ε js.














(a) (b) (c) (d)
Figure 12: Penetration-free estimate. (a) A small gap between the tool and the reference surface (a zoom-in of Fig. 9(c)). (b) Increasing our conservative penetration-
free radius estimate (8) by only 2% increases the tool size. (c) However, this causes the tool-vs-surface interference (red) at some other location. (d) The two envelope
surfaces; one pentrating Φ that corresponds to overcutting.
Moreover, to make the milling path efficient, the motion of
the tool is required to move in a direction that is as orthogonal












where ei is the unit directional vector of pq.
The final objective function reads as
Fmotion(p,q,d) = µ1Fplane(p,q,d) + µ2Ffair(p,q)
+ µ3Fpoint(p,q,d) + µ4Frigid(p,q)
+ µ5Fortho(p,q),
(15)
where the axis tool rigidity (11) is added as a soft-constraint.
We solve the optimization problem using the Gauss-Newton
and, if not stated differently in Section 5, the default values
µ1 = 1, µ2 = µ4 = µ5 = 0.1, and µ3 = 0.001 are used.
5. Results and validation
In order to validate the results obtained by our algorithm,
commercial CAD/CAM/CAE software (NX from Siemens) was
selected. This type of software is commonly used for manu-
facturing processes to generate tool-paths for conventional and
non-conventional processes, such as milling, turning or grind-
ing. Additionally, this software contains a module for running
a dimensional accuracy comparison between the desired design
and the final one obtained using a given tool-path. In this line,
Fig. 13 and the attached video shows the comparison performed
introducing the tool-path generated using our algorithm with
the final expected gear design. Fig. 13a shows the tool-path im-
plementation from the algorithm to the CAM software, Fig. 13b
and c show the initial blank definition and the cutting estima-
tion. It was confirmed by the NX software that only overcut
(extra material) of 0.15-0.40 mm occurs, avoiding everywhere
the undercut error that is considered critical to preserve the di-
mensional requirements. Hence, the simulations using the com-
mercial software confirm the error obtained in our computations
and also the claim that the tool path is penetration-free with the
gear geometry.
The prototype of the custom-shaped milling tool for our
specific gear geometry was 3D-printed, see Fig. 14. The SST
1200em 3D printer was used with ABS+ polymer as a printing
material and the resolution was set to 0.254mm per layer. Geo-
metrically, the virtual tool is hyperbolic in the upper part closer
to the base, and elliptic close to the tool-tip, see Fig.9(c) for
the plot of Gaussian curvature. Due to the resolution, the fea-
ture of the elliptic tool-tip is not captured well in the 3D printed
prototype, see Fig. 14.
5.1. Physical experiments and validation with prototyped tool
and piece
The computer simulations of double-flank milling were val-
idated by conducting physical experiments in the machining
center IBARMIA ZV-25/U600 model (IBARMIA INNOVATEK
S.L.U., Guipuzkoa, Spain), being numerically controlled by
Heidenhain iTNC530, see Fig. 15. This machining center is
a five-axis machine with three linear axes, two rotary axes, and
a spindle capacity of 18,000rpm and 18KW.
The physical experiments were performed with the proto-
typed tool and piece (both 3D printed, see Fig. 14). The tool
and piece were both manufactured in a 3D printer Stratasys
SST 1200es (STRATASYS LDT., Minnesota, United States).
The accuracy of the prints is related to the layer thickness. In
SST 1200es, two different layer thickness could be applied:
0.254mm (0.010 inches) and 0.33mm (0.013 inches). In this
experiment, 0.254mm was selected for the layer thickness of
the printed parts. The resolution in the XY plane is overtaken
by the layer thickness resolution. 3D printer resolution is also
related to the printing temperature which in our experiment was
between 18−30◦C.
In order to validate the double-tangential contact, the tool
flank was painted in red and after motion performance, the red





Figure 13: Verification using commercial software Siemens NX. (a) The tool is
navigated along the reference gear geometry using our result shown in Fig. 9(c).
(b) The material to be removed (light blue) and one path of our custom-shaped
tool (dark blue) are shown. (c) The path of tool is color coded by the error and
is penetration-free everywehre (note that the yellow regions that correspond to
overcutting are located outside our tool path).
teeth on both sides of the valley. Neither the tool nor the piece
were scratched after a single-sweep experiment, validating also
the very fine precision obtained in the numerical simulation
stage. The toolpath shown in Fig. 11(a) was used for the physi-
cal realization.
Figure 14: 3D printed prototype. Top: The tool and the gear geometry were
both 3D printed. The ruler shows the scale of the tool, which axial length is
cca 1cm; 4cm including the cylindrical handler. Bottom left: A zoom-in of the
custom-shaped tool with a curvature-varying meridian (red). Bottom right: the
initial position of the tool w.r.t the gear geometry. For double-flank milling, the
tool posses a tangential contact along two curves (red).
5.2. Discussion and Limitations
Our results show that the introduced double-flank milling
methodology is well-suited for gear geometry, however, one
should not misinterpret our result as there is no guarantee that
every (bevel) gear can be well-approximated by a double-envelope
of a single sweep of a custom-shaped tool. One can construct
counter examples where such an approach is barely possible.
Consider, for example, a surface (valley) that arises by extrud-
ing a planar profile that is convex on one side and concave on
the other. If the extrusion direction is perpendicular to the plane
of the profile, the double tangential contact by a rotational tool
would not be possible, assuming the machining constraint that
the handle of the tool has to hold the tool from above the val-
ley. A better mathematical classification of surfaces where the
double-tangential contact is possible is one avenue for our fu-
ture research.
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Figure 15: Physical validation. The 3D printed prototype of the milling tool
was painted in red to mark the tangential contact with both sides of the teeth.
Neither the tool nor the piece carried away marks of damage from the test,
demonstrating double-tangential contact with a very fine precision.
Another issue that can still be improved is the initialization
stage where a ruled surface is fitted to the bisector. Currently
we fit the ruled surface without using the information of the
distance field. Therefore a more advanced algorithm that takes
into account not only the bisector surface, but also the scalar
function, should improve the accuracy of the initialization.
Another limitation stems in the fact that the physical valida-
tions were performed using a 3D-printed prototype of the tool
and the workpiece and therefore the quality (and inaccuracy)
of the 3D printing directly affects the path-planning results. A
thorough experiments using a metal variant of the tool, followed
by quality inspection, are needed to fully support double-flank
milling as a legitimate methodology for gear manufacturing.
6. Conclusion and Future Work
We have introduced a new machining methodology called
double-flank milling. This methodology is aimed at narrow re-
gions, like valleys between two curved teeth of a spiral bevel
gear, where the milling tool can move in double tangential con-
tact along the reference geometry. The tool and its 3D motion
are the unknowns in our optimization-based algorithm which
looks for the tool of largest possible size such that the envelope
of its motion is penetration-free with the input surface. We have
demonstrated our algorithm on a gear model with curved teeth
and validated it using both commercial software accuracy sim-
ulation and physical realizations. A prototype of the custom-
shaped milling tool and the piece have been 3D printed and
used for a preliminary physical test. The physical test for tool
positioning testing demonstrates, through a method analogous
to the prussian blue accuracy testing method, that the tool posi-
tion and movement is adequate. Our follow-up research aims at
manufacturing a metal variant of the 3D-printed prototype to be
used for real machining. This research will lead to further chal-
lenges such as cutting forces, tool vibrations, or surface rough-
ness.
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and LN López de Lacalle. Flank milling model for tool path programming
of turbine blisks and compressors. International Journal of Production
Research, 53(11):3354–3369, 2015.
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